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In this work, we present a complete theoretical description of the excited state order created by
two-photon photoselection from an isotropic ground state; this encompasses both the convention-
ally measured quadrupolar (K = 2) and the “hidden” degree of hexadecapolar (K = 4) transition
dipole alignment, their dependence on the two-photon transition tensor and emission transition dipole
moment orientation. Linearly and circularly polarized two-photon absorption (TPA) and time-resolved
single- and two-photon fluorescence anisotropy measurements are used to determine the structure of
the transition tensor in the deprotonated form of enhanced green fluorescent protein. For excitation
wavelengths between 800 nm and 900 nm, TPA is best described by a single element, almost com-
pletely diagonal, two-dimensional (planar) transition tensor whose principal axis is collinear to that of
the single-photon S0→ S1 transition moment. These observations are in accordance with assignments
of the near-infrared two-photon absorption band in fluorescent proteins to a vibronically enhanced
S0 → S1 transition. © 2018 Author(s). All article content, except where otherwise noted, is licensed
under a Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
https://doi.org/10.1063/1.5011642
I. INTRODUCTION
The Green Fluorescent Protein (GFP) has been exten-
sively studied and utilised in a wide range of biophysical
applications following its isolation from the Aquorea victoria
jellyfish.1–3 In recent years, a large number of mutants have
been created to improve fluorescent yield and stability and
to provide a spectrum of different absorption and emission
maxima.4,5 Of these, enhanced GFP (EGFP)6,7 has become
one of the most widely used tools for labelling proteins in
vivo4,8 and as both a donor and an acceptor in Forster reso-
nance energy transfer (FRET) experiments.9–12 In parallel to
these developments, two-photon excitation has emerged as an
important tool in fluorescence spectroscopy and microscopy,
affording inherent confocal sectioning and reduced photodam-
age13–15 alongside the possibility of enhanced orientational
photoselection.16–20
Polarized photoselection and fluorescence anisotropy
experiments have proved to be valuable tools in the study
of both structural changes in proteins21,22 and the nature
of ordered environments such as membranes and vesi-
cles.23–25 Additionally, these tools have been crucial to high-
lighting the important role that molecular orientation plays
in FRET26,27 with marked depolarization effects observed
in both static and dynamic donor–acceptor systems.28–30
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Intrinsic fluorescence intensity and anisotropy decay dynam-
ics have been studied in wild type GFP and red shifted mutants
including EGFP using linearly polarized single- and two-
photon excitation.31–33 Initial fluorescence anisotropies close
to 4/10 (single-photon) and 4/7 (two-photon) have been taken
as indicating a single-element transition tensor and a paral-
lel emission transition dipole moment.31 However, the ini-
tial two-photon fluorescence anisotropy critically depends on
both the structure of the two-photon transition tensor and the
molecular frame orientation of the emission transition dipole
moment,17–19 the determination of which require both lin-
early and circularly polarized absorption and fluorescence
anisotropy measurements.
Whilst considerable effort has been directed at determin-
ing the mechanism of TPA in fluorescent proteins,34 a full
characterization of the excited states prepared by two-photon
excitation has not been attempted. This is of fundamental
importance as, in addition to a quadrupolar (rank K = 2)
degree of molecular frame and transition dipole alignment,
two-photon excitation prepares the higher degree of hexade-
capolar (rank K = 4) alignment. Whilst the freely evolving
fluorescence anisotropy is sensitive solely to K = 2 transi-
tion dipole moment alignment35–38 and isotropic rotational
diffusion ensures that moments of different rank evolve inde-
pendently,38,39 in ordered environments these symmetry con-
straints no longer formally apply.38 Given the widespread use
of polarized two-photon fluorescence techniques in far from
isotropic environments,23,40–42 the development of theory and
measurements that provide a complete picture of the excited
state order and its evolution are both timely and necessary.
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Theoretical treatments calculating the degree of quadrupo-
lar (rank K = 2) alignment as a function of the excitation
polarization and transition tensor structure have been presented
by a number of groups17–19,43 as a means of characteris-
ing TPA transitions and in the interpretation of time-resolved
fluorescence anisotropy measurements of isotropic rotational
(K = 2) diffusion. The full degree of angular momentum align-
ment (K = 2 and K = 4) created by linear and circularly
polarized TPA in quantum rotors has been calculated by Bain
and McCaffrey using a tensor density matrix approach.16,35,44
Here, we develop the theory of polarized two-photon photos-
election to determine the dependence of both K = 2 and K = 4
degrees of transition dipole alignment on the two-photon ten-
sor structure and the molecular frame orientation of the emis-
sion transition dipole moment. Linear and circularly polarized
absorption and time-resolved fluorescence anisotropy mea-
surements are undertaken for wavelengths spanning the EGFP
two-photon resonance (800-900 nm). Measurement of the ini-
tial single-photon fluorescence anisotropy yields the angle
between the S0→ S1 absorption and emission transition dipole
moments µABSS0→S1 and µ
EM
S1→S0 , the latter being common to both
single- and two-photon excited fluorescence. With these data,
it is possible to determine the structure of the two-photon tran-
sition tensor in relation to µABSS0→S1 and µ
EM
S1→S0 . We find the
transition tensor to be almost fully diagonal, dominated by its
principal component when the principal axis and µABSS0→S1 are
fully aligned. These results lend weight to the assignment of
the near infra-red two-photon absorption band in EGFP as a
vibronically enhanced transition between the ground and first
excited singlet states.34,45,46 Finally, we investigate the theo-
retical dependence of the degree of K = 4 transition dipole
alignment on the transition tensor structure and emission tran-
sition dipole moment orientation. Our results reveal a different
and more marked dependence of the hexadecapolar alignment
over the fluorescence anisotropy which is only sensitive to the
quadrupolar transition dipole alignment. As will be seen, this
leads to a discernible difference in the predicted degree of hex-
adecapolar alignment depending on whether the principal axis
of the transition tensor lies along µABSS0→S1 or µ
EM
S1→S0 , highlight-
ing the utility of measuring both K = 2 and K = 4 alignment
in the precise determination of the structure of two-photon
transitions in molecular systems.
Fluorescence measurements can only yield information
on higher order (K > 2) moments when they are accompanied
by an optically induced change in the excited state population
and its alignment.47–56 Determination of the time evolution of
the hexadecapolar moments created by TPA therefore requires
a quantifiable higher order interaction over that provided by
(unperturbed) spontaneous emission. A novel method (the-
ory and experiment) for determining hexadecapolar alignment
dynamics in two-photon excited states using time resolved
polarized stimulated emission depletion (STED) is set out in
the companion paper.57
II. CALCULATION OF THE FULL ORIENTATIONAL
DISTRIBUTION FUNCTION FOLLOWING TPA
Short-pulsed polarized optical excitation from an ini-
tially isotropic (randomly oriented) population of condensed
phase fluorescent probes gives rise to an excited state popu-
lation with a non-isotropic distribution of molecular orienta-
tions in the laboratory frame of reference.16,58,59 Excited state
order is most commonly measured through the evolution of
the anisotropy of the induced fluorescence which is a direct
measure of the degree of emission transition dipole align-
ment.38,59,60 In polar co-ordinates, the probability distribution
for the emission transition dipole moment is conveniently
expressed in terms of a spherical harmonic expansion,38,59
PEX (θ,φ,t) =
∑
KQ
〈
CKQ (t)
〉
YKQ (θ,φ). (1)
In experiments where the photoselection process possesses
an axis of cylindrical symmetry, this defines a common
(excitation–detection) laboratory fixed z-axis and the distri-
bution in Eq. (1) reduces to moments for which Q = 0,
PEX (θ,φ,t) =
∑
K
〈CK0 (t)〉YK0 (θ,φ). (2)
With single-photon excitation, the excited state distribution
contains only the scalar (K = 0) and quadrupolar alignment
(K = 2) terms. Conservation of orientational probabil-
ity requires that 〈C00 (t)〉 =
√
1/4pi and the fluorescence
anisotropy at time t following excitation is given by38,59
R (t) = 〈C20 (t)〉√
5 〈C00〉
=
〈α20 (t)〉√
5
. (3)
With two-photon absorption, the emission transition dipole
moment distribution contains the additional hexadecapolar
alignment (K = 4) term,
PTPAEX (θ,φ,t) =
1√
4pi
[
Y00 (θ,φ) + 〈α20 (t)〉Y20 (θ,φ)
+ 〈α40 (t)〉Y40 (θ,φ)] . (4)
The degree of hexadecapolar alignment 〈α40 (0)〉 created by
TPA and its evolution cannot be measured directly by sponta-
neous emission36,47 and has to date been largely neglected by
theoretical treatments of TPA. Measurements of the polariza-
tion dependence (linear vs. circular) of the TPA cross section
(a scalar measurement) have been successfully combined with
time-resolved fluorescence anisotropy data to determine the
transition tensor structure and emission dipole moment ori-
entation.33,43 Hexadecapolar alignment is not a silent partner
and is observable through nonlinear techniques such as flu-
orescence recovery after photobleaching,54–56 ground state
depletion,53 and STED.47–52
The rationale for the theoretical work presented in this
paper is as follows: we first present the general theory of the
polarization dependence of the TPA cross section using gener-
alized spherical co-ordinates to describe the laboratory frame
measurement and Cartesian tensors to characterize the inter-
action between the input fields and the molecular fixed com-
ponents of the two-photon transition tensor, introducing the
basic theoretical concepts that will be exploited later. We then
develop a general method for calculating the initial expectation
values for cos2θ and cos4θ emission transition dipole align-
ment following TPA, yielding expressions for the transition
tensor and molecular frame emission dipole moment depen-
dence of 〈α20 (0)〉 and 〈α40 (0)〉, which [in the case of 〈α20 (0)〉]
can be tested against existing theoretical models.18,19,43
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A. Scalar terms: Polarization dependence
of the TPA cross section
Both spherical18,61 and Cartesian62,63 tensor formalisms
have been developed to treat polarized fluorescence fol-
lowing TPA in molecular systems. In experiments involv-
ing different laboratory frame excitation-detection schemes
(e.g., fluorescence anisotropy following linear and circu-
lar polarized TPA), the transformation between co-ordinate
systems is most effectively achieved using spherical ten-
sors as the relationship between fluorescence observables
and expectation values are particularly concise, such as in
Eq. (3). Employing a spherical tensor formalism for TPA,
the orientation-dependent transition probability for two iden-
tical photons with electric field polarization eˆ can be written
as18,61
A (Ω) = eˆ · S · eˆ2, (5)
where S is a second rank tensor describing the angular prop-
erties of the two-photon transition between initial and final
states |i〉 and | f 〉 connected by intermediate states |n〉 with
linewidth Γn and detuning ∆νnα from the excitation frequency
να, and Ω(α, β, γ) denotes the molecular frame orientation in
the laboratory frame,
S ∝
∑
n
( 〈 f | µ |n〉 〈n| µ |i〉
∆νnα + iΓn
)
. (6)
For the absorption of two identical photons, Eq. (5) can be
written as
A (Ω) = T · S2. (7)
The excitation polarization tensor T is given by the direct
product of the photon polarization vectors,
T = (eˆ ⊗ eˆ) =
∑
lm
T lm (Lab). (8)
Expressing S and T as spherical tensors, the scalar product in
Eq. (7) becomes
T · S =
∑
lm
T lm (lab) Sl−m (lab) (−1)m. (9)
The transition tensor S is determined by molecular frame
quantities (i.e., the products of the single-photon molecular
transition dipole matrix elements). However the scalar prod-
uct in Eq. (7) is expressed in the laboratory frame where the
components of T are determined by the excitation polariza-
tion vectors. The components of S in the laboratory frame
are obtained by an Euler rotation D (ΩLM ) that connects the
laboratory and molecular reference frames,64
Sl−m (lab) =
∑
n
Sln (mol)Dln−m (ΩLM ) , (10)
where Dln−m (ΩLM ) is the Euler rotation matrix element for
the rotation.64 With this substitution, the scalar product
becomes
T · S =
∑
l,m,n
T lm (lab) Dln−m (ΩLM ) Sln (mol) (−1)m. (11)
The orientation dependent transition probability is thus
A (Ω) =
∑
l l′m m′nn′
T lm (lab) T l
′
m′(lab)∗Dln−m (ΩLM ) Dl
′
n′−m′(ΩLM )∗
× Sln (mol) Sl
′∗
n′ (mol) (−1)m+m
′
. (12)
After some manipulation and the contraction of rotation matrix
element products,18,58,65 A(Ω) can be written in terms of the
rotation matrix element expansion,
A (Ω) =
∑
KQN
AKNQD
K
NQ (ΩLM ) . (13)
The moments of this are given by
AKQN = (2K + 1) (−1)N
×
∑
ll′mm′nn′

*,
l l′ K
m −m′ −Q
+- *,
l l′ K
−n n′ −N
+-
×T lm (lab) T l
′
−m′ (lab) Sln (mol) Sl
′
−n′ (mol)

.
(14)
For linearly polarized TPA, l and l′ can take values of 0 and
2.64 Cylindrical symmetry about the excitation polarization
vector means m, m′ and Q are zero, odd values of K are thus
forbidden restricting K to values of 0, 2, and 4.64 The allowed
values of N depend on the elements of the molecular frame
transition tensor S,
AKN0(linear) = (2K + 1) (−1)N
×
∑
l,l′,n,n′

*,
l l′ K
0 0 0
+- *,
l l′ K
−n n′ −N
+-
×T l0 (lab) T l
′
0 (lab) Sln (mol) Sl
′
−n′ (mol)

.
(15)
For TPA with circularly polarized light, the only non-zero exci-
tation tensor product is T22 (lab) T2−2 (lab) and the moments of
A(Ω) are given by
AKN0(circ) = (2K + 1) (−1)N T22 (lab) T2−2 (lab)
×
∑
n,n′

*,
2 2 K
2 −2 0
+- *,
2 2 K
−n n′ −N
+-
× S2n (Mol) S2−n (Mol)

. (16)
It should be noted that in contrast to linearly polarized
TPA, the axis of cylindrical symmetry with circularly polar-
ized excitation is the propagation direction of the exciting
light.
The TPA cross section σ(2) is proportional to the scalar
coefficient A000.
18,19,43 As a result of the different excitation
polarization tensors, linear and circularly polarized TPA cross
sections sample different combinations of the elements of S.
The ratio of linear to circularly polarized TPA absorption ΩABS
has been used as a means of determining the structure of S and
the symmetry of the electronic states involved in TPA.18,65,66
The TPA cross sections for linear and circularly polarized TPA
are
σ(2)LIN = Const ×
[
T00 (lab)2S00(mol)2
+ T20 (lab)2
∑
n
(−1)n
5 S
2
n (mol) S2−n (mol)
 , (17)
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σ(2)CIRC = Const × T22 (lab) T2−2 (lab)
×
∑
n
(−1)n
5 S
2
n (mol) S2−n (mol) . (18)
The relationship between the spherical and Cartesian compo-
nents U lm and Uij(i, j = x, y, z) of a second rank tensor U can be
calculated using standard angular momentum methods18 and
can be expressed in matrix form as18,61,66

S00
S2−2
S2−1
S20
S21
S22

=

− 1√
3
0 0 0 − 1√
3
0 0 0 − 1√
3
1
2
−i
2
0 −i
2
1
2
0 0 0 0
0 0 1
2
0 0 −i
2
1
2
−i
2
0
− 1√
6
0 0 0 − 1√
6
0 0 0
√
2
3
0 0 −1
2
0 0 − i
2
−1
2
− i
2
0
1
2
i
2
0 i
2
−1
2
0 0 0 0

×

SXX
SXY
SXZ
SYX
SYY
SYZ
SZX
SZY
SZZ

. (19)
Inserting the expressions for the laboratory frame polarization
tensors for linear and circular polarizations, the TPA cross
section ratio ΩABS is given by
ΩABS =
σ(2)CIRC
σ(2)LIN
=
(TXY )2 ∑
n
(−1)n
5 S
2
n (mol) S2−n (mol)
(TZZ )2
[
1
3 S
0
0(mol)2 + 23
∑
n
(−1)n
5 S
2
n (mol) S2−n (mol)
] .
(20)
As (TXY )2 = (TYX )2 = (TZZ )2, Eq. (20) becomes
ΩABS =
3 ∑
n
(−1)nS2n (Mol) S2−n (Mol)
5S00(Mol)2 + 2
∑
n
(−1)nS2n (Mol) S2−n (Mol)
. (21)
High resolution X-ray crystallography studies indicate that
the chromophores in both EGFP and GFP are planar.67,68
For a planar (XY) transition tensor, the S2±1 (mol) elements
from Eq. (19) are necessarily zero and Eq. (21) simplifies
to
ΩABS
=
3
(
S20 (mol) S20 (mol) + 2S22 (mol) S2−2 (mol)
)
5S00(mol)2 + 2
(
S20 (mol) S20 (mol) + 2S22 (mol) S2−2 (mol)
) .
(22)
Dropping the mol suffix and using the relations in Eq. (19), we
have
ΩABS =
(SXX + SYY )2 + 3(SXX − SYY )2 + 3(SXY + SYX )2
2(SXX + SYY )2 + (SXX − SYY )2 + (SXY + SYX )2
. (23)
For the absorption of two identical photons, SXY = SYX .
Then, dividing the numerator and denominator by SXX 2
yields
ΩABS =
(1 + S)2 + 3(1 − S)2 + 12D2
2(1 + S)2 + (1 − S)2 + 2D2 , (24)
where S = SYY/SXX and D = SXY/SXX , in agreement with
previous calculations.18,19,43,58
B. Fluorescence anisotropy: Quadrupolar alignment
Expressions for the fluorescence anisotropy resulting
from two-photon excitation have been determined by a num-
ber of groups via the calculation of the emission intensities
for light polarized parallel and perpendicular to the excitation
polarization.38 We now present a more direct approach to cal-
culation of the fluorescence anisotropy which we later employ
to calculate the degree of hexadecapolar alignment which
itself has no corresponding direct linear measurement [cf.
Eq. (3)].
The initial value of the fluorescence anisotropy can be
calculated from the expectation value of cos2θ where θ is the
angle between the laboratory Z axis and the emission transition
dipole moment. In a spherical harmonic expansion, cos2θ is
given by
cos2θ =
√
4pi
3
[
Y00 (θ,φ) + 2√
5
Y20 (θ,φ)
]
. (25)
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This is related to the scalar product of the emission transition
dipole moment µLAB and the emission polarization vector EZLAB
through
cos2θ = c × EZLAB · µLAB2, (26)
where c is a constant of proportionality. Starting with
the standard spherical tensor expression for cos2θ, we
have
cos2θ = c

∑
n
T10 (lab) µ1nD1n0 (Ω)

2
, (27)
where T10 ≡ EZ . Following a similar approach to that in
Eqs. (12)–(14), the rotation matrix products are contracted to
give EZLAB · µLAB2 = c2 (T10 (lab))2 ∑
LN
BLN0D
L
N0 (Ω) , (28)
with
BLN0 =
∑
nn′

µ1n (mol) µ1−n′ (mol)
× *.,
1 1 L
0 0 0
+/-
*.,
1 1 L
n −n′ −N
+/- (2L + 1) (−1)N

. (29)
The BLN0 terms (L = 0, 2; N = 0 ± 2) contain the molecule-
fixed transition dipole moment terms and DL−N0 (Ω) is the Euler
rotation matrix that connects the laboratory and molecular
frames. For a planar (XY ) transition in the molecular frame
of reference, we have65
B000 =
1
3
(
µ2X + µ
2
Y
)
, B200 =
−1
3
(
µ2X + µ
2
Y
)
,
B2±20 =
√
1
6
[(
µ2X − µ2Y
)
± 2iµX µY
]
.
(30)
We now determine the expectation value∫
A (Ω)cos2θdΩ, (31)
where A(Ω) is given by the cylindrically symmetric (laboratory
frame) form of Eq. (13),
A (Ω) =
∑
KN
AKN0D
K
N0 (ΩLM ) , (32)
Inserting (28) and (32) into (31) gives∫
A (Ω)cos2θdΩ = c2
∑
LN′
K
AKN0B
L
N′0
∫
DKN0 (Ω) DLN′0 (Ω) dΩ.
(33)
The orthogonality relation for rotation matrices imposes the
following restriction:64∫
DKN0 (Ω) DLN′0 (Ω) dΩ =
8pi2
2K + 1
δKLδN−N′(−1)N . (34)
As a result, the expectation value of cos2θ is∫
A (Ω)cos2θdΩ = c2 8pi
2
2K + 1
∑
KN
AKN0B
K
−N0(−1)N . (35)
The expectation values of Y00 and Y20 are 〈C00〉 and 〈C20〉.18
Combining Eqs. (25) and (35) gives
√
4pi
3
[
〈C00〉 + 2√
5
〈C20〉
]
= c2
8pi2
2L + 1
∑
KN
ALN0B
L
−N0(−1)N .
(36)
The degree of quadrupolar alignment is thus
〈α20〉 = 〈C20〉〈C00〉 =
√
5
10
∑
N
A2N0B
2
−N0(−1)N
A000B
0
00
. (37)
From Eq. (3), the fluorescence anisotropy is
R =
1
10
∑
N
A2−N0B
2
−N0(−1)N
A000B
0
00
. (38)
From Eqs. (14) and (16), the second rank moments of
A(Ω) for linear and circularly polarized excitation are given
by
A2N0(lin) = 5(−1)N

2√
5
T20 (lab) T00 (lab)
∑
n
*.,
2 0 2
−n 0 −N
+/-Sln (mol) S00 (mol)
+
√
2
35T
2
0 (lab) T20 (lab)
∑
n,n′
*.,
2 2 2
−n n′ −N
+/-S2n (mol) S2n′ (mol)

, (39)
A2N0(circ) = 5(−1)N *.,
2 2 2
2 −2 0
+/- T22 (lab) T2−2 (lab)
∑
n,n′

*.,
2 2 2
−n n′ −N
+/-
×S2n (mol) S2−n (mol)

. (40)
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The allowed two-photon transition and emission dipole tensor
elements for planar (XY) absorption with a co-planar emis-
sion transition dipole moment are set out in Table I. After
substitution of these values into Eqs. (38)–(40), the initial flu-
orescence anisotropies for linear and circularly polarized TPA
are given by
RL (0) = 17
1 +
9
(
1 − S2
) (
cos2θM − sin2θM
)
+ 4 (1 + S) D sin θM cos θM
2(1 + S)2 + (1 − S)2 + 4D2
 , (41)
RC (0) = 17

(1 + S)2 − 3
[
(1 − S)2 + 4D2
]
− 6

(
cos2θM − sin2θM
) (
1 − S2
)
+4D (1 + S) sin θM cos θM

(1 + S)2 + 3(1 − S)2 + 12D2

, (42)
where cos θM = µX/
√(
µ2X + µ
2
Y
)
, sin θM = µY/
√(
µ2X + µ
2
Y
)
,
and θM is the angle made by the emission transition dipole
with respect to the X direction in the molecular frame, taken
to be that corresponding to the principal diagonal tensor
element (SXX ). For a transition tensor with a single ele-
ment SXX, Eqs. (41) and (42) take on a particularly simple
form
RL (0) = 47
(
3cos2θM − 1
2
)
, (43)
RC (0) = −
(
3cos2θM − 1
7
)
. (44)
Experimental measurements are defined in a co-ordinate sys-
tem in which the laboratory Z axis is defined by the nat-
ural quantization (cylindrical symmetry) axis of the excita-
tion process. As a result, the measurement I ||(t) + 2I⊥(t)
contains no alignment contributions. The laboratory Z axes
are orthogonal for linear and circularly polarized TPA as
shown in Fig. 1. An alternative approach retains a common
laboratory fixed frame of reference for the measurement of
the linearly polarized emission anisotropy in which the Z axis
is defined by that of the linear polarization vector of the exci-
tation light.36–38 Denoting this emission anisotropy as RC ′,
the two circularly polarized excitation anisotropies are related
by
R′C = −RC/(1 + RC). (45)
For a single-element transition tensor with θM = 0, we have
RL(0) = 4/7, RC(0) = 2/7, and R′C(0) = 2/5.
C. Hexadecapolar alignment
Unlike the quadrupolar (second rank) degrees of molec-
ular alignment, higher rank moments of the excited state
distribution do not contribute directly to spontaneous emis-
sion47–52 but affect the changes to the intensity and polarization
of spontaneous emission as a result of stimulated emission
depletion.36–38,58 Single and multiphoton absorption with lin-
early or circularly polarized light leads to the creation of an
excited state distribution with cylindrical symmetry about the
relevant laboratory fixed quantization (Z) axis.64 The degree of
TABLE I. Transition tensor and spontaneous emission transition dipole moment elements for planar TPA and
coplanar spontaneous emission.
Linear polarization ↑↑ Circular polarization cos2θ dipole moment tensor elements
ALN0(lin) × (TZZ SXX )2 AIN0(circ) × (TXY SXX )2 BIN0
L = 0
N = 0
2(1 + S)2 + (1 − S)2 + 4D2 (1 + S)2 + 3(1 − S)2 + 12D2 13
(
µ2X + µ
2
Y
)
L = 2
N = 0
−2
[
2(1+S)2+(1−S)2+4D2
]
21
−(1+S)2+3(1−S)2+12D2
21
−1
3
(
µ2X + µ
2
Y
)
L = 2
N = ±2
(
1−S2
)
±2iD(1+S)
7
√
6
2
(
1−S2
)
±4iD(1+S)
7
√
6
1√
6
[(
µ2X − µ2Y
)
± 2iµXµY
]
(TZZ )2 = (TXY )2 = (TYX )2 S = SYY/SXX D = SXY (= SYX )/SXX
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FIG. 1. The 90◦ excitation-detection geometry employed to determine the
two-photon transition tensor. [(a) and (b)] To determine Ω, time averaged
emission with linearly and circularly polarized excitation is collected at 54.7◦
to the prevailing symmetry axis. For determination of (c) RL(0) and (d) RC (0),
initial anisotropies for linearly and circularly polarized light are measured
by collection of intensity parallel (I ||(t)) and perpendicular (I⊥(t)) to the
prevailing axis of cylindrical symmetry.
cylindrically symmetric quadrupolar and hexadecapolar tran-
sition dipole moment alignment can be related to the expecta-
tion value of cos4θ. In a spherical harmonic expansion, cos4θ
is given by
cos4θ =
√
4pi
5
[
Y00 (θ, φ) + 20
7
√
5
Y40 (θ, φ) + 821Y40 (θ, φ)
]
= C × EZLAB · µLAB4. (46)
Taking the square of Eq. (28),
EZLAB · µLAB4 = ∑
LN
L′N′
BLN0B
L′
N′0D
L
N0 (Ω) DL
′
N′0 (Ω) . (47)
The product of rotation matrices can be contracted as above
giving
cos4θ = C
∑
LNL′N′
K′′N′′
BLN0B
L′
N′0
(
2K ′′ + 1
) *,
L L′ K ′′
N N ′ −N ′′
+-
× *,
L L′ K ′′
0 0 0
+- DK′′N′′0 (Ω) (−1)N′′ . (48)
This can be written as
cos4θ = C
∑
KN′′
FKN′′0D
K
N′′0 (Ω) . (49)
From the symmetry constraints of the 3j symbols64 given L,
L′ = 0, 2 and N, N′ = 0 ± 2, the allowed values of K and N′′
are K = 0, 2, 4; N′′ = 0 ± 2 ±4. The allowed FKN′′0 coefficients
and their dependence on the transition dipole element terms
are shown in Table II.
The expectation value of cos4θ is
〈
cos4θ
〉
=
∫
A (Ω)cos4θdΩ. (50)
Substituting Eqs. (46) and (49) into Eq. (50) gives
〈
cos4θ
〉
=
√
4pi
5
[
〈C00〉 + 20
7
√
5
〈C20〉 + 821 〈C40〉
]
= C
∑
K′N′
KN′′
AK
′
N′0F
K
N′′0
∫
DK
′
N′0 (Ω) DKN′′0 (Ω) dΩ. (51)
From the orthogonality relation for rotation matrices,64 we
have
∫
A (Ω)cos4θdΩ = C 8pi
2
2K + 1
∑
KN
AK−N0F
K
N0(−1)N . (52)
Equating terms in Eqs. (51) and (52), 〈C00〉 and 〈C40〉 are given
by
〈C40〉 = 356 Cpi
3
2
∑
N
A4−N0F
4
N0(−1)N , (53)
〈C00〉 = 20Cpi 32 A000F000. (54)
The degree of hexadecapolar dipole alignment is therefore
〈α40〉 = 724

∑
N
A4N0F
4
−N0(−1)N
A000F
0
00
 . (55)
Substitution for the A4N0F
4
−N0 terms in Table II yields
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〈α40〉 = 356 +

20 *, (cos
4θM − sin4θM )(1 − S2)
+ 4D(1 + S) cos θM sin θM
+-
+35 *,
(1 − 8cos2θMsin2θM )((1 − S)2 − 4D2)
+16D(1 − S) cos θM sin θM (cos2θM − sin2θM )
+-

56(2(1 + S)2 + (1 − S)2 + 4D2) .
(56)
Simplifying,
〈α40〉 = 356 +

20
(
(2cos2θM − 1)(1 − S2) + 4D(1 + S) cos θM sin θM
)
+35 *,
(1 − 8cos2θMsin2θM )((1 − S)2 − 4D2)
+16D(1 − S) cos θM sin θM (cos2θM − sin2θM )
+-

56(2(1 + S)2 + (1 − S)2 + 4D2) .
(57)
For a single-element transition tensor, S and D are zero and
Eq. (57) reduces to
〈α40〉 = 121
(
35cos4θM − 30cos2θM + 3
)
=
8
21
P4 (cos θM ) .
(58)
This corresponds to the degree of hexadecapolar transition
dipole alignment arising from a pure cos4θ excitation probabil-
ity [Eq. (46)] modified by a molecular frame rotation θM . This
has maximum positive and negative values of 8/21 and 8/49,
respectively. Plots of the variation in 〈α20〉/
√
5 and 〈α40〉 with
S for a diagonal transition tensor (D = 0) with a parallel emis-
sion transition dipole moment (θM = 0◦) are shown in Fig. 2(a).
This is contrasted in Fig. 2(b) which shows the off-diagonal
transition tensor dependence (D) on these quantities in a pla-
nar transition with S = 1 and correspondingly equal projection
of the emission transition dipole moment on the in plane X
and Y axes (θM = 45◦). From Fig. 2(a), the maximum value of
〈α20〉/
√
5 ≡ RL (0) is not 4/7 (S = 0) but (4 + 9√2)/28 (≈0.5974)
for S = 3 + (2√2) (≈0.0858). The possibility that RL (0)
can exceed the value of 4/7 (≈0.5714) has been noted previ-
ously.18 However, for 〈α40〉, the S dependence is more pro-
nounced. For S = 0, 〈α40〉 = 8/21 (≈0.3809), increasing to (41
+ 5√57)/112 (≈0.7031) for S = (1  3√(19/3))/2 (≈0.7583).
For a planar transition where S = 1, the variation in 〈α40〉
with D [Fig. 2(b)] is correspondingly more pronounced than
that of the quadrupolar alignment with 〈α40〉 varying between
(41 + 5√(57))/112 (≈0.7031) and (41 5√(57))/112 (≈0.0290).
The measurement of the degree of hexadecapolar alignment
therefore provides an additional and potentially more sen-
sitive probe of the structure of the two-photon transition
tensor.
III. EXPERIMENTAL PROCEDURE
Recombinant EGFP samples were prepared to 1-4 µM
concentration in pH 11 buffer (50 mM Tris, 300 mM NaCl)
using methods described previously.28 Two-photon excitation
wavelengths between 800 and 900nm were provided by an
TABLE II. Fourth rank transition tensor and transition dipole moment elements.
AIJ0 F
I
J0
I = 0
J = 0
(TZZ )2
15

2(SXX + SYY )2
+ (SXX − SYY )2 + 4(SXY )2

(
T10
)4
5
[(
µ4X + µ
4
Y
)
+ 2µ2Xµ
2
Y
]
=
(
T10
)4
5
(
µ2X + µ
2
Y
)2
=
(
T10
)4
5 |µ |
4
I = 4
J = 0
(TZZ )2
35
*,
2(SXX + SYY )2
+ (SXX − SYY )2 + 4(SXY )2
+- F400 = 3
(
T10
)4
35 |µ |4
I = 4
J = ±2
−(TZZ )2 27
√
1
10
(SXX + SYY )
× [(SXX − SYY ) ± 2iSXY ]
−
(
T10
)4 2
7
√
1
10

(
µ4X − µ4Y
)
±2iµXµY
(
µ2X + µ
2
Y
)
= −
(
T10
)4 2
7
√
1
10 |µ |
4

(
cos2θ − sin2θ
)
±2i sin θ cos θ

I = 4
J = ±4
(TZZ )2√
70

(SXX − SYY )2 − 4(SXY )2
±4iSXY (SXX − SYY )

(
T10
)4√ 1
70

(
µ2X − µ2Y
)2 − 4µ2Xµ2Y
±4iµXµY
(
µ2X − µ2Y
) 
=
(
T10
)4√ 1
70 |µ |
4

(
1 − 8cos2θsin2θ
)
±4i cos θ sin θ
(
cos2θ − sin2θ
)
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FIG. 2. (a) Variation in 〈α20〉/
√
5 and 〈α40〉 with S(SYY /SXX ) for TPA char-
acterized by a diagonal transition tensor (D = 0) and an emission transition
dipole moment parallel to the molecular X axis (θM = 0). [(i) and (ii)] The
maximum and minimum values of 〈α40〉 (41 + 5√57)/112 ≈ 0.7031 and
(41  5√57)/112)≈ 0.0290, respectively, are achieved for S = (1  3√(19/3))/2
≈ 0.7583 and S = (1+√(19/3))/2 ≈ 1.758 30. (iii) The limiting
value of 〈α40〉 for large S is 1/7. [(iv) and (v)] The maximum and
minimum values of 〈α20〉/
√
5 (RL(0)) correspond to (4 + 9
√
2)/28
≈ 0.5974 and (4  9√2)/28 ≈ 0.3117 S = 3+(2√2) ≈ 0.0858 and
S = 3  (2√2) ≈ 5.8284. (vi) For large S, the limiting value of 〈α20〉/
√
5 is
2/7. (b) Variation in 〈α20〉/
√
5 and 〈α40〉with D for TPA in which SXX = SYY
(S = 1) where the emission transition dipole moment has equal projection on
the molecular frame X and Y axes. (i) Maximum value of 〈α40〉 corresponding
to (41 + 5√(57))/112 ≈ 0.7031 at D = (7 + √(57))/2. (ii) Minimum value of
〈α40〉 = (41  5√(57))/112 ≈ 0.029 02 with D = (7  √(57))/2. (iii) Limit-
ing value of 〈α40〉 at large |D| = 38/56 ≈ 0.0290. The variation in 〈α20〉/
√
5
with D is less marked varying between maximum and minimum values of
(4 + √2)/28 (iv) and (v) (4  √2)/28 at D = +√2 and √2, respectively. (vi)
The limiting value of 〈α20〉/
√
5 at large |D| (and D = 0) = 1/7.
Nd:YVO4 (Verdi V-10, Coherent United Kingdom) pumped
mode-locked Ti:sapphire laser (Mira 900F, Coherent United
Kingdom). Fluorescence was detected using a polarized time
correlated single photon counting (TCSPC) system described
in detail elsewhere.69 For compatibility with the TCPSC elec-
tronics, pulses were selected from the 76 MHz mode-locked
pulse train at 4 MHz using an acousto-optic switch (Pulse
select, APE Berlin Germany) and incident intensities were
reduced to achieve a maximum count rate of 40 kHz to avoid
pulse pile-up effects. A 90◦ excitation-detection geometry
was employed with variable detection polarization as illus-
trated in Fig. 1. Linear excitation polarization was set using
a Glan-Laser polarizer (Melles-Griot, USA). Circularly polar-
ized excitation was achieved with linearly polarized light inci-
dent on a zero-order tunable quarter wave plate (Alphalas,
Germany). Circular polarization was confirmed by observing
rotation angle invariant transmission through a second (ana-
lyzing) linear polarizer. For the determination of ΩABS , the
total emission resulting from each polarization was measured
by running the TCSPC system in total counting mode for
10 s with the emission polarizer set at the appropriate magic
angle [Figs. 1(a) and 1(b)]. This was repeated 5 times for
each polarization to account for any drift in the laser exci-
tation intensity, and an average ratio was calculated from the
10 values obtained from division of neighbouring intensities
collected in the sequence. Fluorescence decays at detection
polarizations parallel (I| |) and perpendicular (I⊥) to the respec-
tive axis of cylindrical symmetry [Figs. 1(c) and 1(d)] were
acquired by controlling the emission polarizer with a step-
per motor. Vertically and horizontally polarized emission was
alternately transmitted every 10 s for 5 min and the decays
were stored separately in computer memory. Intensity and
anisotropy decays were then reconstructed from the polarized
fluorescence decays using
I (t) = I | | (t) + 2I⊥ (t) , (59)
R (t) = I | | (t) − I⊥ (t)
I | | (t) + 2I⊥ (t) . (60)
This resulted in fluorescence intensity decays consisting of
approximately 107 photons, with more than 105 photons in
the peak channel. In addition to fluorescence intensity and
anisotropy decays following linear and circularly polarized
TPA, linearly polarized single-photon excitation of EGFP was
undertaken at 490 nm close to the maximum of the S0 → S1
transition using the 4 MHz output of an amplified frequency-
doubled diode laser (PicoTA, PicoQuant). Decay times and
amplitudes were extracted from the measured I(t) and R(t)
curves using weighted least squares fitting in OriginPro 2015
(OriginLab) to minimise the χR2 statistic, given by
χ2r =
1
n − l
n∑
k=1
1
σ(tk)2
[Nmeasured (tk) − Nmodel (tk)]2, (61)
where n is the total number of time bins, Nmeasured(tk) is the
experimental data in time bin tk , and Nmodel(tk) is the value
of the model function at this point, containing l freely vary-
ing parameters. σk is the expected standard deviation of the
experimental data from the model at time t, obtained by prop-
agating the known standard deviations of the independent
Poisson random variables I| | and I⊥ through Eqs. (59) and (60),
giving
σI (tk)2 = I | | (tk) + 4I⊥ (tk) , (62)
σR(tk)2 = I(tk)
2(
I | | (tk) + 4I⊥ (tk)) R(tk)2 − 2 (I | | (tk) − 2I⊥ (tk)) R (tk) + I | | (tk) + I⊥ (tk) . (63)
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χR
2 values below 2 were considered acceptable. Uncertain-
ties in the fitting parameters were provided by support plane
analysis performed by the fitting software. S and D were calcu-
lated from the three simultaneous equations for ΩABS, RL(0),
and RC(0) [Eqs. (24), (41), and (42)], solving them numer-
ically for θM = 0◦ and 5.5◦ using MATLAB (Mathworks
United Kingdom). In order to calculate errors in the obtained
S and D values, arising from uncertainties in ΩABS, RL(0),
and RC(0), the equations were solved 5000 times using val-
ues randomly selected from Gaussian distributions of each
parameter, centred on the obtained value with standard devi-
ations equal to the associated error. The final S and D val-
ues were taken as the mean values of the 5000 obtained,
with the standard deviation of these used for the quoted
uncertainty.
IV. RESULTS AND DISCUSSION
A. Transition dipole moment orientation in EGFP
The anisotropy decays of EGFP for both single- [Fig. 3(a)]
and two-photon [Fig. 3(b)] linearly polarized excitation were
well described by single exponential fits, with rotational cor-
relation times of 18.1 (±0.2) ns at 490 nm and 19.51 (±0.1)
ns at 800 nm. The initial (t = 0) anisotropies, at 0.3945
(±0.0005) and 0.5520 (±0.0005) for single-photon and two-
photon excitation, respectively, were close to the conventional
theoretical limits of 0.4 and 0.571, suggesting only a small
angle between the absorption and emission transition dipole
moments. As fluorescence following single- and two-photon
excitation of fluorescent proteins originates from the S1 elec-
tronic state,34,70 the emission transition dipole moment is a
common molecular frame reference point. In single-photon
excitation, the angle θAE between the absorption and emission
transition dipole moment directions is given by the well known
relation43
R (0) = 0.4
2
(
3cos2θAE − 1
)
. (64)
In a molecular frame coordinate system in which the absorp-
tion transition dipole moment µABSS0→S1 defines the molecular
X axis, θAE and θM are equivalent43 and θM = 5.5 (±0.3)◦.
Recent theoretical calculations have determined µABSS0→S1 to be
directed at 73◦ to the carbonyl group of the fluorescent pro-
tein chromophore71 as illustrated in Fig. 4. Here the principal
component of the transition tensor SXX lies along µABSS0→S1 . The
alternative representation of the transition tensor would be
to take X as the direction of the emission transition dipole
moment µEMS1→S0 , here θM = 0
◦
, as depicted in Figs. 4(b) and
4(c).
The rotational diffusion times in aqueous solution of
both recombinant EGFP20 and wild-type GFP18,33 follow-
ing two-photon excitation have previously been measured as
17 ± 1 ns. For both linear and circularly polarized two-photon
excitation at 800 nm, we observe single exponential decays
with rotational correlation times of around 19 ns [Figs. 3(b)
and 3(c)]. Non-equivalence of rotational correlation times fol-
lowing linear and circularly polarized two-photon excitation
has been identified by Johnson and co-workers as indica-
tive of significant off-diagonal transition tensor elements33
with longer decay times reported for circularly polarized
FIG. 3. (a) Fluorescence anisotropy decay of EGFP following single-photon
excitation at 490 nm at the peak of the S0 → S1 transition. (b) Fluorescence
anisotropy decay of EGFP resulting from linearly polarized two-photon exci-
tation at 800 nm. (c) Fluorescence anisotropy arising from circularly polarized
two-photon excitation of EGFP at 800 nm.
two-photon excitation in perylene where SXY is of a sim-
ilar magnitude to SXX (D ≈ 0.87).33 The near equivalence
of the rotational correlation times for linearly and circularly
polarized two-photon excitation observed here for EGFP sug-
gests that the contribution of off-diagonal elements (D) to
the transition tensor is small.43 Full calculation of S and D
across the two-photon resonance of EGFP using the mea-
surements performed here will confirm whether this is the
case.
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FIG. 4. Transition tensor coordinate systems for EGFP. The S0 → S1 transition dipole moment in EGFP makes an angle of 73◦ to the carbonyl group. From
single-photon anisotropy measurements (Fig. 3), the S1 → S0 transition dipole moment is found to be oriented at an angle of 5.5◦ to this direction. Taking
µABSS0→S1 to define the direction of the principal element of the transition tensor (SXX) corresponds to θM = 5.5
◦
. Fluorescence anisotropy measurements do not
distinguish between positive and negative values of θM and both possibilities for the emission transition dipole moment orientation in the molecular frame are
shown in (a) and (b). If SXX is parallel to µEMS1→S0 , θM = 0
◦ and the coordinate system for the transition tensor can take two orientations in the molecular frame
at angles of 78.5◦ and 67.5◦ to the carbonyl group [(c) and (d), respectively].
B. Two-photon tensor structure
The values of RC(0), RL(0), ΩABS, τROTCIRC , and τROTLIN at exci-
tation wavelengths between 800 and 900 nm, together with
the S and D values calculated for θM = 5.5◦ and 0◦, are set
out in Table III. RC(0), RL(0), and ΩABS show little variation
with excitation wavelength as can be seen in Fig. 5, where
they are plotted alongside the two-photon action cross sec-
tion measurements of Drobizhev et al.34,72 The fluorescence
intensity decays following linearly and circularly polarized
excitation are both well described by bi-exponential fitting
as previously observed for single- and two-photon excitation
of recombinant EGFP.12,28,31 To within experimental error,
both excitation processes yield identical amplitude weighted
average decay times of 2.7-2.8 ns as shown in Table IV and
Fig. 6.
As shown in Fig. 7, SXX is seen to be dominant for both
angles across all excitation wavelengths with S on the order
of 102. The contribution of off diagonal elements is reduced
by a factor of approximately 2 when θM = 5.5◦. In both coor-
dinate systems, D follows an approximately linear decrease
with increasing excitation wavelength, reaching zero, within
TABLE III. Polarized TPA and fluorescence measurements and the calculated transition tensor structure parameters.
Excitation
wavelength
(nm) RL(0) τROTLIN (ns) RC(0) τROTCIRC (ns) Ω S θM = 0◦ D θM = 0◦ S θM = 5.5◦ D θM = 5.5◦
800 0.5520 ± 0.0005 19.5 ± 0.1 0.2737 ± 0.0003 19.1 ± 0.2 0.67 ± 0.01 0.03 ± 0.01 0.18 ± 0.04 0.009 ± 0.009 0.010 ± 0.007
χR
2
= 1.227 χR2 = 0.965
820 0.5557 ± 0.0004 19.3 ± 0.1 0.2796 ± 0.0003 19.6 ± 0.1 0.66 ± 0.05 0.03 ± 0.05 0.13 ± 0.06 0.10 ± 0.05 0.07 ± 0.02
χR
2
= 1.075 χR2 = 1.012
840 0.5568 ± 0.0006 18.4 ± 0.1 0.2755 ± 0.0003 18.5 ± 0.2 0.67 ± 0.02 0.02 ± 0.02 0.16 ± 0.04 0.00 ± 0.02 0.068 ± 0.007
χR
2
= 1.021 χR2 = 0.965
860 0.5595 ± 0.0006 19.1 ± 0.1 0.2768 ± 0.0004 19.5 ± 0.2 0.63 ± 0.03 0.04 ± 0.03 0.14 ± 0.05 0.03 ± 0.03 0.05 ± 0.01
χR
2
= 1.200 χR2 = 1.112
880 0.5633 ± 0.0005 19.1 ± 0.1 0.2807 ± 0.0003 19.2 ± 0.2 0.658 ± 0.007 0.032 ± 0.008 0.11 ± 0.02 0.012 ± 0.006 0.011 ± 0.007
χR
2
= 1.218 χR2 = 1.063
900 0.5617 ± 0.0003 19.2 ± 0.1 0.2806 ± 0.0003 19.3 ± 0.1 0.67 ± 0.02 0.03 ± 0.02 0.10 ± 0.04 0.03 ± 0.02 0.005 ± 0.008
χR
2
= 1.086 χR2 = 0.993
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FIG. 5. Structure determining parameters RL(0), RC (0), and ΩABS as a func-
tion of two-photon excitation wavelength, overlaid with two-photon action
cross section measurements σ(2)φ of Drobizhev et al.34
experimental uncertainty, at 900 nm for θM = 5.5◦. The uncer-
tainties in D with this representation of the transition ten-
sor are also notably smaller. Two-photon absorption between
800 and 900 nm in EGFP is clearly dominated by a sin-
gle diagonal element (SXX ). Taking the single photon S0
→ S1 absorption transition moment µABSS0→S1 to define the prin-
cipal axis (X) in the molecular frame, the transition tensor
is, to a good approximation, diagonal (D ≤ 0.1 at 800 nm,
tending to 0 at 900 nm) with S ≤ 0.001 at most excitation
wavelengths.
C. Assignment of two-photon transitions in EGFP
The two-photon absorption spectrum of fluorescent pro-
teins consists of two electronic transitions separated by a
distinct minimum. In the case of EGFP, this occurs at 700 nm
with the long wavelength absorption maximum 930 nm.34,45,46
This transition has been assigned to the lowest energy sin-
glet state (S0 → S1)34 and that of the short-wavelength fea-
ture to a higher energy singlet state S0 → Sn.73 Since the
FIG. 6. Bi-exponential fluorescence decay parameters obtained for EGFP fol-
lowing linearly and circularly polarized two-photon excitation. With both
excitation polarizations, the longer lifetime τ2 is the majority decay com-
ponent. This and the average (amplitude weighted) fluorescence lifetime 〈τ〉
show little wavelength variation.
chromophores of fluorescent proteins do not possess a centre
of symmetry, the parity selection rules for one- and two-
photon transitions are relaxed.34,45,46 Consequently, the same
transitions should appear in both one- and two-photon absorp-
tion spectra although with different relative intensities. The
notable blue shift in the long wavelength TPA absorption
(930 nm) with respect to that for one-photon excitation (490 nm
≡ 980 nm) has been ascribed to the vibronic enhancement
resulting from transitions terminating to higher vibrational lev-
els in the S1 manifold.74,75 An alternative mechanism for two-
photon absorption in EGFP assigns the long wavelength tran-
sition to the participation of a putative close lying S2 state.75
Our results indicate that SXX, the principal component of the
two-photon transition tensor in EGFP, has the same molecu-
lar frame orientation as the single-photon S0 → S1 transition
moment. This, together with the small and vanishing nature
of the off-diagonal transition tensor elements as the excitation
wavelength approaches the two-photon maximum [Fig. 7(b)],
TABLE IV. Two-photon fluorescence intensity decays recorded for (a) linearly and (b) circularly polarized
excitation wavelengths from 800 to 900 nm.
(a) ↑↑λ (nm) A1 τ1 (ns) A2 τ2(ns) 〈τ〉 (ns) χ2R
800 0.17 ± 0.02 1.9 ± 0.1 0.83 ± 0.02 3.10 ± 0.02 2.90 ± 0.03 1.50
820 0.18 ± 0.02 1.85 ± 0.08 0.82 ± 0.02 3.05 ± 0.01 2.83 ± 0.03 1.38
840 0.20 ± 0.03 1.9 ± 0.1 0.80 ± 0.03 3.00 ± 0.02 2.78 ± 0.04 1.45
860 0.29 ± 0.05 2.1 ± 0.1 0.71 ± 0.05 3.03 ± 0.03 2.76 ± 0.05 1.40
880 0.21 ± 0.02 1.87 ± 0.09 0.79 ± 0.03 2.95 ± 0.02 2.73 ± 0.03 1.53
900 0.25 ± 0.03 2.01 ± 0.08 0.75 ± 0.03 2.96 ± 0.02 2.72 ± 0.03 1.63
(b) λ (nm) A1 τ1 (ns) A2 τ2 (ns) 〈τ〉 (ns) χ2R
800 0.11 ± 0.01 1.23 ± 0.06 0.89 ± 0.01 3.02 ± 0.01 2.82 ± 0.02 1.33
820 0.16 ± 0.02 1.73 ± 0.09 0.84 ± 0.02 3.00 ± 0.02 2.80 ± 0.03 1.33
840 0.3 ± 0.1 2.1 ± 0.2 0.7 ± 0.1 3.02 ± 0.07 2.76 ± 0.07 1.99
860 0.13 ± 0.01 1.4 ± 0.1 0.87 ± 0.02 2.89 ± 0.01 2.70 ± 0.02 1.25
880 0.13 ± 0.01 1.4 ± 0.1 0.87 ± 0.02 2.86 ± 0.01 2.67 ± 0.02 1.51
900 0.15 ± 0.03 1.7 ± 0.2 0.85 ± 0.03 2.87 ± 0.02 2.69 ± 0.04 1.41
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FIG. 7. Variation in the transition tensor structure with two-photon excitation
wavelength. (a) Taking µABSS0→S1 to be the molecular frame X axis as implied
by fluorescence anisotropy data (Fig. 5), S is minimised. Neglecting the data
points at 820 nm which have large associated errors, the average values of S for
the two representations across the excitation wavelengths are 0.030 (θM = 0◦)
and 0.005 (θM = 5.5◦). (b) The degree of off-diagonal elements D = DXY/DXX
for both molecular axis systems shows a decrease as the excitation wavelengths
approach the near infrared two-photon absorption maximum at 930 nm. The
values obtained in the µABSS0→S1 axis system are, however, consistently lower,
the disparity growing with increasing excitation wavelength. The value of D
obtained at 900 nm is, to within experimental error, zero.
further reinforces the conclusion that the transition has the
same symmetry as the squared modulus of the S0→ S1 transi-
tion dipole moment. Whilst these observations do not disprove
the participation of another electronic state in the two-photon
transition, they are however fully consistent with the cur-
rent S0 → S1 assignment. The participation of a close-lying
S2 state has recently been argued from solvent shifts in
TPA.75 In this light, it would be instructive if broad spec-
trum linearly and circularly polarized two-photon absorption
and fluorescence anisotropy measurements were performed
to augment such data. Solvent effects in two-photon absorp-
tion have been investigated theoretically and experimentally
by Wirth and co-workers76,77 through two-photon absorption
anisotropy measurements. An extension of this approach to
include linearly and circularly polarized fluorescence observ-
ables and the measurement of the higher order moments that
are unavoidably prepared by two-photon absorption would
provide additional and perhaps more sensitive information
TABLE V. Values of the initial hexadecapolar alignment predicted from
ΩABS , RC (0), and RL(0) measurements for emission transition dipole align-
ment angles θM = 0◦ and 5.5◦.
Excitation wavelength (nm) 〈α40〉 θM = 0◦ 〈α40〉 θM = 5.5◦
800 0.32 ± 0.02 0.381 ± 0.006
820 0.34 ± 0.04 0.44 ± 0.03
840 0.34 ± 0.02 0.38 ± 0.01
860 0.33 ± 0.02 0.36 ± 0.02
880 0.347 ± 0.007 0.361 ± 0.004
900 0.35 ± 0.02 0.38 ± 0.01
as to the nature of two-photon transitions in fluorescent
proteins.
D. Hexadecapolar alignment: Initial values
and predicted relaxation rates
Using the calculated values of S and D, we can determine
[Eq. (56)] the values of 〈α40〉 for θM = 0 and 5.5◦ as a func-
tion of excitation wavelength. These are set out in Table V
and plotted in Fig. 8. When SXX is collinear to the S0 → S1
transition dipole moment (θM = 5.5◦), the predicted values of
FIG. 8. (a) Predicted hexadecapolar alignment created by two-photon absorp-
tion in EGFP using the measured S and D values for emission transition dipole
moment angles obtained for a single-element transition tensor with a par-
allel emission transition dipole moment. (b) Variation in 〈α40〉 with D for
θM = 0◦ and 5.5◦ and S = 0.01. For θM = 0◦, 〈α40〉 < 8/21 for all values of D.
If θM = 5.5◦ with D values between 0.06 and 0.80, 〈α40〉 > 8/21.
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〈α40〉 lie above 8/21, the theoretical value achieved by a single-
element transition tensor with a parallel emission transition
dipole moment. For θM = 0◦, the increased contribution of off
diagonal elements D yields values of 〈α40〉 that are consistently
below 8/21.
Using polarized time-resolved STED with a variable
delay between excitation (pump) and depletion (dump) pulses,
it is possible to measure the time evolution of 〈α40〉.38,59
With small step isotropic rotational diffusion, the K = 2 and
K = 4 alignment relaxation rates follow single exponen-
tial decay dynamics49 with the K = 2 and K = 4 rotational
correlation times for a symmetric diffuser related by
τROT20 =
10
3 τ
ROT
40 . (65)
The rotational diffusion time of EGFP following linearly polar-
ized two-photon excitation yields values in the region of 19 ns.
We might therefore expect τROT40 to be approximately 5.4 ns
with an initial value of 〈α40〉 close to that of 8/21 from the S and
D values obtained using the µABSS0→S1 axis system. The greater
sensitivity of 〈α40〉 to transition dipole moment reorientation
arising from small step rotational diffusion is also expected
to be mirrored in other depolarization mechanisms such as
homo-FRET.78 The development of time-resolved STED tech-
niques for investigating these dynamics will be the subject of
the companion paper.57
V. CONCLUSIONS
We have developed the necessary theoretical framework
for the full characterization of molecular transition dipole
alignment following two-photon excitation. We have used this
formalism with measurements of the linearly and circularly
polarized two-photon absorption anisotropy and time resolved
fluorescence anisotropy to determine the structure of the two-
photon transition tensor of EGFP and to predict the degree of
hexadecapolar alignment that is created in two-photon absorp-
tion but not observed via spontaneous emission. For excitation
wavelengths spanning 800 nm to 900 nm, the EGFP transi-
tion tensor possesses a dominant single element (SXX) and is
most close to diagonal if this has the same molecular frame
orientation as the single photon S0 → S1 transition dipole
moment. These observations are in line with the assignment
of the near infra-red two photon absorption as a vibronically
enhanced S0 → S1 transition.34,45,46 The sensitivity of 〈α40〉
to the underlying structure of the two-photon transition tensor
and the molecular frame orientation of the emission transition
dipole moment is seen to be marked, providing complimentary
information to polarized absorption and fluorescence measure-
ments. These results highlight the importance of the develop-
ment of methods to measure this hitherto “hidden” degree of
excited state alignment.
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